We studied shocks in a coastal boundary current with zero potential vorticity. By coastal boundary current, we mean a semigeostrophic light fluid flow over an infinitely deep dense fluid and along a coast on its right hand side, with its lower interface exposed to the ocean surface at some finite distance from the coast. The shocks are assumed to conserve mass and momentum. It is found that the shocks can be classified into two categories, "coastal shocks" and "frontal shocks", by the signs of the upper layer flux relative to the shocks. Coastal shocks, for which the relative upper layer flux is negative, always propagate downstream. The upper layer at the coast is thicker on the upstream sides of coastal shocks than on the downstream sides. Frontal shocks, for which the relative upper layer flux is positive, propagate upstream as well as downstream. In most cases, the current is wider on the downstream sides of frontal shocks than on the upstream sides. However, under the circumstances that the current is nearly separated from the coast, the current is wider on the upstream sides of frontal shocks. Coastal and frontal shocks both dissipate energy of the current. We also demonstrate that special shocks with no light fluid on the downstream sides cannot exist irrespective of the potential vorticity distribution.
Introduction
In this study, we investigate shocks in a coastal boundary current with zero potential vorticity. We define coastal boundary current as a semigeostrophic light fluid flow over an infinitely deep dense fluid and along a coast on its right hand side (in the Northern Hemisphere), with its lower interface exposed to the ocean surface at some finite distance from the coast (see Fig. 1 ; the Tsushima warm current is an example of such current).
This subject has been discussed by Nof (1984) . Assuming the conservation of mass and momentum as in classical hydraulics, Nof obtained various shock solutions. All of his shocks, however, possess finite downstream propagation velocities; no stationary or upstream propagating shocks were obtained. For this reason, he inferred that stationary or upstream propagating shocks cannot exist in a coastal boundary current with zero potential vorticity. Pratt (1987) showed that stationary shocks can exist in the coastal boundary current when the upper layer fluid is, on the downstream sides of the shocks, attached to a wall placed offshore. However, he also supported Nof's inference that such stationary shocks become impossible when the offshore wall is removed.
Prior to Nof's study, Stern (1980) investigated continuous nonlinear long waves in the same coastal boundary current. (The reader should also refer to Stern et al. (1982) and to Kubokawa and Hanawa (1984a) for nonlinear long waves in a coastal boundary current with uniform but non-zero potential vorticity.) He showed that two long-wave modes called "special solutions" exist in the current. One of the special solutions, the ᮎ solution in his terminology, always propagates downstream irrespective of the flow state. The other special solution, the solution, propagates not only downstream but also upstream in accordance with the flow state. Furthermore, both modes were shown to steepen with time due to nonlinear effects. This implies that both modes eventually break and form shocks. Consequently, Stern's theory indicates that the upstream propagating solution forms an upstream propagating shock, which invalidates Nof's inference.
It is now apparent that Nof's theory omits some classes of shocks, including stationary and upstream propagating ones. Our principal aim in this paper is to generalize Nof's theory and to investigate all classes of shocks in the coastal boundary current. Kubokawa and Hanawa (1984b) investigated the intrusion of a gravity current along a coast in a rotating fluid. They assumed the gravity current to have uniform but non-zero potential vorticity and the ambient fluid to be infinitely deep. Regarding the intrusion's nose as a steadily propagating shock, Kubokawa and Hanawa calculated the propagation velocity of the nose from the conditions that correspond to "the law of conservation of semigeostrophic mass transport and momentum". On the other hand, Nof (1987) considered the energy-conserving intrusion of a gravity current with zero potential vorticity into an oceanic channel. He showed that, so long as momentum is conserved, the steady intrusion is impossible when the ambient fluid is infinitely deep. This is because the flow force associated with the intrusion cannot be balanced by the form drag exerted on the intrusion head by the ambient fluid. Although the assumed values of the potential vorticity are different in the two investigations, the conclusion of Nof (1987) apparently contradicts the theory of Kubokawa and Hanawa (1984b) . Hence, in this study, we also examine whether such special shocks considered by Kubokawa and Hanawa (1984b) , i.e., shocks which have no upper layer fluid on their downstream sides, can really exist. In fact, we can show that these special shocks are impossible irrespective of the potential vorticity distribution, so long as they conserve mass and momentum.
The general outline of this paper is as follows. In Section 2, we review the properties of long waves in a continuous coastal boundary current obtained by Stern (1980) and derive some new features needed in subsequent sections. In Section 3, assuming that mass and momentum are conserved even in the presence of a shock, we derive shock and energy conditions. In Section 4, we introduce an evolutionary condition and use it to classify the shocks in the system. In Section 5, we present some examples of shocks, including the stationary and upstream propagating ones. In Section 6, we show that a special shock which has no upper layer fluid on its downstream side cannot exist. The results are then summarized and discussed in Section 7.
Long Waves in a Continuous Flow
The situation considered in this paper is depicted in Fig. 1 . A light fluid with density ρ 0 flows along a vertical wall and over a deep dense fluid with density ρ 0 + ∆ρ. We introduce a coordinate system ( x , ŷ), with the x axis parallel to the coast and the ŷ axis pointing offshore. The density interface strikes the surface at ŷ = L ( x , t ). The whole system is rotating around the vertical axis with constant angular velocity f/2. The lower layer is so deep that the current in it can, dynamically, be neglected. The motion in the upper layer is approximated to be hydrostatic, and the horizontal velocity in the layer is assumed to be depth independent.
We define here the following nondimensional variables:
where variables with "ˆ" are dimensional; û is the upper layer velocity component in the alongshore direction and v is that in the offshore direction; ĥ denotes the thickness of the upper layer. Parameter g is the gravitational acceleration, β = ∆ρ/ρ 0 , H 0 is the characteristic thickness of the upper layer, and δ denotes the ratio (offshore scale)/(alongshore scale).
Assuming that the alongshore scale is much larger than the offshore scale, i.e., δ << 1, the nondimensional equations of motion for the upper layer become
and the boundary conditions are
From the above equations, we can obtain the potential vorticity equation
This equation, which implies that the potential vorticity (1 -∂u/∂y)/h remains unchanged following the motion of each fluid column, applies trivially when the potential vorticity is constant everywhere. In this study, the potential vorticity is assumed to be everywhere zero after Stern (1980) :
( )
The geostrophic equation (2) and the potential vorticity constraint (7) can be solved with respect to y, yielding
( ) where U(x, t) is the alongshore velocity at y = L(x, t). We take
to ensure that h is positive everywhere except y = L, i.e., we require the upper layer fluid to be attached to the coast. From Eqs. (8) and (9), we see that the flow state is entirely determined when U(x, t) and L(x, t) are given. The governing equations for U and L are (see Stern, 1980) ∂ ∂t
We can obtain Eq. (10) by integrating the continuity equation (3) with respect to y from y = 0 to y = L (cf. Section 3), and Eq. (11) by substituting Eqs. (7)- (9) into Eq. (1). Using tensor notation, the above equations can be written in the form
where
The characteristic velocity λ of the system (12) must satisfy
From this equation, we obtain two real values of λ:
The fact that λ has two real values indicates that two waves with distinct propagation velocities exist in the system. We refer to the wave whose propagation velocity is λ + as the "coastal wave", and to λ -as the "frontal wave". Note that, since L > 0 and U > L/2, λ + is always positive, which indicates that the coastal wave propagates downstream irrespective of the flow state. In contrast, λ -is positive for U > L, and negative for L/2 < U < L. Thus, the frontal wave propagates both upstream and downstream in accordance with the flow state. In addition, it can be shown that the following inequalities
hold (see Appendix A), where u is the averaged velocity for the upper layer,
Hence, an observer moving with the averaged velocity sees the coastal wave to propagate downstream and the frontal wave upstream. In other words, an observer moving with the coastal wave observes negative upper layer flux, and an observer moving with the frontal wave positive upper layer flux. This fact becomes important in the analysis of Section 4.
The terms "coastal wave" and "frontal wave" were originated by Kubokawa and Hanawa (1984a) , who investigated an analogous boundary current with constant but non-zero potential vorticity. They obtained two classes of waves, and called the wave with faster propagation velocity the "semigeostrophic coastal wave (SCW)" and the slower one the "semigeostrophic frontal wave (SFW)". They showed that SCW always propagates downstream but SFW propagates both upstream and downstream. From this fact, it may be appropriate to consider our waves to be essentially equivalent to their waves. (We omitted the term "semigeostrophic" for abbreviation.)
We next examine the effects of nonlinearity on the propagation velocities of the frontal and coastal waves. For this purpose, we consider the simple waves of these waves as in gas dynamics. We refer to a simple wave of the frontal wave as a "frontal simple wave" and to that of the coastal wave as a "coastal simple wave". More precise definitions of these simple waves are given in Appendix B. It is also shown in Appendix B that these simple waves are identical to the "special solutions" of Stern (1980) , i.e., a frontal simple wave is identical to his solution, and a coastal simple wave to his ᮎ solution.
For a frontal simple wave, as shown in Appendix B, there is a functional relationship (B.8) between U and L. Accordingly, the variation of its propagation velocity with L becomes
Thus, in most cases, the propagation velocity of a frontal simple wave decreases with increasing L, the offshore excursion of the surface front. This fact indicates that a frontal simple wave steepens upstream with time when it includes a region in which L increases with x, since the upstream part of the region catches up with the downstream part. Exceptional cases occur when U ~ L/2, i.e., when h(y = 0) ~ 0 (see Eq. (9)). For such a flow state, the propagation velocity of a frontal simple wave increases with increasing L. Consequently, a frontal simple wave with L decreasing with x steepens downstream. Stern (1980) did not note the presence of such exceptional cases, while Kubokawa and Hanawa (1984a) pointed it out for a coastal boundary current with non-zero potential vorticity. For a coastal simple wave, there is a functional relationship (B.9) between U and L. The variation of the propagation velocity with U can then be written
which is always positive for L > 0 and U > L/2. It may be more intuitive here to use the upper layer thickness at the coast, H:
we obtain
Hence, the propagation velocity of a coastal simple wave increases with increasing H, and a coastal simple wave with H decreasing with x always steepens downstream. The propagation characteristics of the frontal simple waves and the coastal simple waves are schematically summarized in Fig. 2 , which shows that the simple waves of both types steepen due to the nonlinear effects. Consequently, they are ultimately expected to break and form shocks. It is particularly noteworthy that the frontal simple waves form shocks propagating upstream as well as downstream.
When a shock is formed, it must satisfy some conditions which relate the quantities just upstream and downstream of the shock. In the next section, we derive the shock conditions that represent the conservation of mass and momentum across a shock.
Conservation Equations and Shock Conditions

Conservation equations of mass and momentum
The shock conditions connecting the flow fields on the upstream and downstream sides of a shock can be obtained if we insist that some conservation equations hold even in the presence of a shock (see Whitham, 1974) . The possible candidates for such conservation equations are those of mass, momentum and energy. In this study, we choose the conservation equations of mass and momentum among them, as was done by Nof (1984) . Such a choice is common in classical hydraulics.
The conservation equations of mass and momentum can be obtained formally from the equations of motion (1)- (3). First, the mass conservation equation can be deduced as follows. Integrating Eq. (3) with respect to y from y = 0 to y = L, and using the boundary conditions (4)- (6), we obtain 
∂ ∂t hdy
By integrating the above equation with respect to x from x = x 2 to x = x 1 , where x 2 < x 1 , we obtain the following mass conservation equation
Next, we derive the momentum conservation equation. Multiplying Eq. (1) by h and Eq. (3) by u, and adding the results, we obtain
Using the boundary conditions, the integral of this equation from y = 0 to y = L leads to,
The third term of Eq. (26), which represent the Coriolis force acting on the fluid in the unit x interval, can be transformed as below. Integrating Eq. (3) from y = L to y and using the boundary conditions, we obtain
Hence, the Coriolis term becomes
The substitution of the above expression into Eq. (26) yields
where the terms in the curly brackets represent the Coriolis force. Equation (27) is the required momentum conservation equation, which states that the total momentum of a coastal boundary current in the interval [x 2 , x 1 ] changes with time by virtue of (i) the net momentum transport, (ii) the Coriolis force acting on the fluid in the interval, and (iii) the net pressure force.
Shock conditions
We now suppose that a shock exists at x = s(t) in the interval [x 2 , x 1 ]. It is assumed, as mentioned earlier, that the conservation equations of mass (25) and momentum (27) are still valid even in the presence of the shock. It must be noted here that the horizontal velocity in the upper layer is implicitly assumed to remain depth independent. Correspondingly, by using the standard method (see Whitham, 1974) , we obtain the following two shock conditions
where C = ṡ(t) is the shock velocity and
denotes the difference of quantities just upstream and downstream of the shock. The terms in the curly brackets of Eq. (29) represent the Coriolis force acting on the fluid in the shock. These Coriolis force terms cannot be neglected even though the shock width is assumed to be infinitesimally small; since the offshore velocity v becomes infinitely large when the width of the shock becomes infinitesimally small, the Coriolis force associated with this velocity remains order one.
We define here the following variables
where Q s is the upper layer flux relative to the shock, and we refer to F s as "flow force" after the classical hydraulics terminology. Using these variables, Eqs. (28) and (29) reduce to
i.e., Q s and F s must be continuous across the shock. The flow force F s defined above differs from the flow force I defined by Nof (1984) for a current in a reference frame moving with a shock. However, since the relation between them is I = F s -CQ s , the shock conditions (32) and (33) are equivalent to his conditions:
Nof (1984) derived his shock conditions under the assumption that the shocks are steadily translating. However, as is evident from the derivation above, the shock conditions (32) and (33), and equivalently Nof's conditions, are applicable also to non-steady shocks.
We have so far assumed nothing about the potential vorticity of the current. If we assume that the potential vorticity remains zero everywhere even in the presence of a shock, Eqs. (8) and (9) can be used in Eqs. (30) and (31) 
The above assumption on the potential vorticity implies that all the fluid particles that cross a shock suffer uniform dissipation of energy (cf. the next subsection).
Energetics of shocks
We next consider the energetics of a shock. Since we have chosen mass and momentum as the quantities to be conserved, energy, in general, is not conserved but dissipated in the presence of a shock. In a shock, although we have neglected the viscous external force acting on the fluid across the density interface and the coast, the viscous internal dissipation process of energy cannot be neglected. This is the same situation as in classical hydraulics.
In addition to the conservation equations of mass and momentum, the energy equation can also be obtained from Eqs. (1) 
The integration of the above equation from y = 0 to y = L yields ∂ ∂t
where we added the term -r 2 δ(x -s(t)) on the right hand side anticipating that, as already mentioned, the energy may be dissipated in a shock. Then, by integrating this equation from x = x 2 to x = x 1 , we obtain the following energy equation
We again assume that a shock exists in the interval [x 2 , x 1 ]. When the standard method due to Whitham (1974) is used to Eq. (36), we obtain
The left hand side of Eq. (37) can be rewritten in the form
which can easily be verified from Eq. (31). Since [F s ] = 0, we can rewrite Eq. (37) as follows:
where we have used the equalities
Under the assumption that the potential vorticity of the current is everywhere zero, we can show the term (u 2 /2 + h) -C(u -y) to be y-independent and equal to U 2 /2 -C(U -L). Thus Eq. (38) becomes
where the definition of Q s (30) was used. Since [Q s ] = 0, we obtain the following energy condition:
may be referred to as "specific energy" after the classical hydraulics terminology. The energy condition (39) provides a necessary condition for the actual existence of a shock. It excludes some shocks which satisfy the shock conditions (32) and (33), but violate the second law of thermodynamics. It states that [E s ] and Q s must have opposite signs. The fluid columns, as a whole, must cross a shock from the side with higher specific energy to the side with lower specific energy.
Evolutionary Condition and Classification of Shocks
We have already derived the shock conditions (32) and (33) and the energy condition (39) for shocks in a coastal boundary current. In addition, there is in general another necessary condition, called the "evolutionary condition", for a shock to be stable (see Landau and Lifshitz, 1987) . The evolutionary condition means that the number of wave modes leaving the shock must be one less than the number of shock conditions. The shock is unstable and cannot exist if this condition is not satisfied. Since two shock conditions are present for our problem, the evolutionary condition permits one and only one wave mode to leave the shock.
We can classify the shocks in the system by the signs of the upper layer flux relative to the shocks, Q s , with the aid of the above-mentioned evolutionary condition. For this purpose, we first rewrite Eq. (18) in a reference frame moving with a shock:
where C is the shock velocity as before. (19) and (30), the above relation can be written in the form
We now assume the existence of a shock with Q s > 0 (the actual existence of such a shock is established by examples in the next section). In this case, an observer moving with the shock sees positive upper layer flux, which is the same feature as the frontal waves (see Section 2). Since
, it is seen from Eq. (41) that the coastal wave velocity relative to the shock is always positive. Hence, one coastal wave mode leaving the shock exists on the downstream side of the shock. As a result, the evolutionary condition does not permit the frontal wave mode to leave the shock. We have, therefore, λ --C > 0 on the upstream side of the shock and λ --C < 0 on the downstream side, i.e.,
where the subscripts u and d denotes the quantities upstream and downstream of the shock. Relation (42) states that the shock overtakes the frontal waves on its downstream side and is overtaken by the ones on its upstream side. As was already discussed in Section 2, shocks with such a property can be formed, for example, from the frontal simple waves through the nonlinear steepening effects. Hence, it may be appropriate to consider the shocks with Q s > 0 to be formed, in general, through the nonlinear steepening effects of the frontal waves. Furthermore, when the amplitude of the shock is reduced to zero, λ -d approaches λ -u . Accordingly, from Eq. (42), C also approaches λ -u . We can say, therefore, that the shocks with Q s > 0 become ordinary frontal waves in the limit of infinitesimal amplitude. For these reasons, we term the shocks with Q s > 0 "frontal shocks". For a shock with Q s < 0, we see from Eq. (41) that the frontal wave velocity relative to the shock is always negative and one frontal wave mode leaving the shock exists on the upstream side of the shock. Then, the evolutionary condition requires
For reasons similar to the above, we term the shocks with Q s < 0 "coastal shocks". We can imagine another class of shocks that have Q s = 0. For such a shock, Eq. (41) shows that the coastal wave velocity is always positive and the frontal wave velocity is always negative. Accordingly, two wave modes leaving the shock exist: the coastal wave mode on the downstream side of the shock and the frontal wave mode on the upstream side. This violates the evolutionary condition. The shocks with Q s = 0, therefore, cannot exist. However, an exceptional case occurs when the downstream side of a shock is "dry", i.e., when the upper layer fluid is absent on the downstream side of a shock. Q s is necessarily zero for such a shock. In this case, no wave modes exist on the downstream side of the shock, and the evolutionary condition is trivially satisfied. Thus, when the evolutionary condition alone is concerned, we cannot deny the existence of such shocks moving into a "dry" region. In Section 6, however, we show that such exceptional shocks satisfying the shock conditions (32) and (33), are impossible. Hence, all the shocks in the system can be classified by the signs of Q s into two categories: the frontal shocks with Q s > 0 and the coastal shocks with Q s < 0.
We can show that every shock obtained by Nof (1984) is a coastal shock since it has Q s < 0. The frontal shocks are entirely omitted in his study. Since the coastal wave velocity is always positive (see Section 2), the coastal shock velocity C must also be positive from Eq. (43). It is natural, therefore, that he could not obtain stationary shocks or shocks propagating upstream.
Note that hdy
where we have used the geostrophic equation (2). Thus, for stationary shocks or shocks propagating upstream, we see from Eq. (30) that Q s > 0 since C ≤ 0. As a result, these shocks, whose actual existence is demonstrated by examples in the next section, are the frontal shocks.
Examples of Shocks and Their Properties
We now return to shock conditions (32) and (33). From Eq. (32), the values of Q s on the upstream and downstream sides of a shock must be equal to some constant, say, Q s0 : 
For the coastal shocks, the fact that Q s < 0 leads to
Thus, Eq. (44) determines L as a single-valued function of U for the coastal shocks.
Frontal shocks
We first investigate a stationary shock, for which C = 0. The value of Q s0 is arbitrarily set to 1. As mentioned above, Eq. (44) determines U, and accordingly F s and E s , as single-valued functions of L. The dependence of U on L is depicted in Fig. 3(a) , and those of the flow force (F s ) and the specific energy (E s ) are shown in Fig. 3(b) . The flow force curve shows that two different values of L correspond to the same value of the flow force. Such different states which give the same value of the flow force are referred to as "conjugate states". An example of the conjugate states is denoted by A and B in Figs. 3(a) and (b) . A stationary shock which has these conjugate states on its upstream and downstream sides satisfies the shock conditions, since the flow forces on its upstream and downstream sides are equal to each other. The energy condition determines which state is to appear on which side of the shock. It is seen from the specific energy curve that the specific energy of state B is less than that of state A by ∆E s . Thus, the energy condition requires the fluid columns, as a whole, to cross the shock from state A to state B (see Subsection 3.3), which is indicated in Fig. 3(a) by an arrow. Since Q s > 0 for the frontal shocks, we conclude that state A (narrower current) appears on the upstream side of the shock and state B (broader current) on the downstream side. Note that the energy dissipation rate r 2 can be calculated from Eq. (39) as r 2 = ∆E s ·Q s0 . The schematic view of the stationary shock is depicted in Fig. 3(c) .
It must be confirmed that the stationary shock obtained above satisfies the evolutionary condition, i.e., λ --C is positive for state A and is negative for state B. For this purpose, first note that the gradient of the specific energy curve is given by
is the Jacobian of Q s and E s . It is easily seen from Eqs. (14), (15), (34) and (40) 
( )
We also see from Eq. (16) that λ + -C and λ --C are the solutions of the following equation:
Thus, it follows that
The substitution of Eq. (51) into Eq. (53) yields
Note that, for the frontal shocks, λ + -C is positive (see Section 4) and ∂Q s /∂U is also positive (see Eq. (46)). In addition, it follows from Eq. (14) that |A ij | is negative since L > 0 and U > L/2. Equation (54) shows, therefore, that λ --C has the opposite sign from dE s /dL. Particularly, λ --C = 0 when dE s /dL = 0, and vice versa. For the stationary shock obtained above, since dE s /dL is negative for state A and is positive for state B, λ --C is positive for state A and is negative for state B. (λ -itself becomes positive for state A and negative for state B, since C = 0 in this case.) The above shock, therefore, satisfies the evolutionary condition. We note here that the preceding argument applies as well to the flow force curve. From Eqs. (14), (15), (34) and (35), we obtain in place of Eqs. (49) and (50) 
Following a procedure similar to that above, we obtain in place of Eq. (54)
Since |S ij | is positive for L > 0 and U > L/2, λ --C again has the opposite sign from dF s /dL. We have demonstrated the existence of a stationary shock that satisfies the shock conditions, the energy condition and the evolutionary condition. Next, we consider the frontal shocks with C ≠ 0. For such moving shocks, the appropriate values of C and Q s0 are not apparent a priori; we must determine these values in some way. For this purpose, remember that the frontal shocks become ordinary frontal waves in the limit of infinitesimal amplitude (see Section 4). Thus, when some suitable flow state is given, we can calculate the velocity of an infinitesimal frontal shock as λ -. Using this velocity, the upper layer flux relative to the infinitesimal shock can be calculated from Eq. (34). We shall use these values as C and Q s0 , i.e., we seek finite amplitude shocks which have the same velocity and the same relative upper layer flux as the infinitesimal shock.
An example of the shock propagating upstream is shown in Fig. 4 , where we assumed C = -0.12 and Q s0 = 1.38. The flow state from which we took the values of C and Q s0 is marked in Fig. 4(a) . Figure 5 provides an example of the shock propagating downstream, which has C = 0.63 and Q s0 = 0.60.
All the examples investigated so far have the narrower currents on their upstream sides and the broader ones on their downstream sides, i.e., they take the form of upstream breaking with regard to the current width. We have shown in Section 2, however, that the frontal simple waves steepen downstream when h (y = 0) ~ 0. Thus, in addition to the ordinary upstream breaking frontal shocks, downstream breaking ones should exist. An example of such a shock is given in Fig. 6 , where we assumed C = -0.35 and Q s0 = 2.21. The flow force curve in Fig. 6(b) shows that three conjugate states, denoted by A, B and C in the figure, exist for this parameter setting. Correspondingly, two types of shocks exist. The required downstream breaking shock is the one that has state C on its upstream side and state B on its downstream side. Its schematic view is shown in Fig. 6(c) . Note that the current is nearly separated from the coast. The other shock that has state A on its upstream side and state B downstream side is the ordinary upstream breaking shock. Note that a shock connecting state A and state C is impossible. Since state A has dE s /dL < 0 and also state C has dE s /dL < 0, for both of them λ --C > 0. Thus, whichever state appears on the upstream or the downstream side of the shock, the evolutionary condition is violated.
Coastal shocks
As mentioned in Section 4, coastal shocks were investigated by Nof (1984) . He considered, however, only the coastal shocks that have the flow states with U > L ( Fr > 1 in his notation) on their downstream sides. Since there is no reason to assume the coastal shocks to have such a property, we shall give an example of a coastal shock which has the flow state with U < L on its downstream side. First, we must determine the suitable values of C and Q s0 . The coastal shocks become ordinary coastal waves in the limit of infinitesimal amplitude. Thus, as in the case of the moving frontal shocks, we choose some suitable flow state, calculate the infinitesimal coastal shock velocity (λ + ) and the relative upper layer flux, and take them as C and Q s0 . In the following example, we take C = 1.69 and Q s0 = -2.56. The flow state from which these values are taken is marked in Fig. 7(a) . For the coastal shocks, Eq. (44) determines L, and accordingly F s and E s , as singlevalued functions of U. The dependence of L on U is shown in Fig. 7(a) , and those of the flow force and the specific energy are shown in Fig. 7(b) . We see from the flow force curve that two conjugate states exist. An example of the conjugate states is denoted by A and B in the figures. Note that state A lies in the region U < L. Since the specific energy of state B is less than that of state A, the fluid columns, as a whole, must cross the shock from state A to state B. As a result, we see that state A appears on the downstream side of the shock and state B on the upstream side, since Q s0 < 0. Figure 7(c) shows the schematic view of this coastal shock.
It is easily verified that the above shock satisfies the evolutionary condition. Since E s is a single-valued function of U in this case, the gradient of the specific energy curve is given by
( ) in place of Eq. (49). Consequently, we obtain in place of Eq. (54)
For the coastal shocks, λ --C is negative (see Section 4) and ∂Q s /∂L is also negative (see Eq. (48)).
As a result, we see from Eq. (60) that λ + -C has the same sign as dE s /dU, since |A ij | is also negative. For the above shock, state A has dE s /dU < 0 and state B has dE s /dU > 0. Hence, λ + -C is negative for downstream state A and is positive for upstream state B, which satisfies the evolutionary condition. Figure 7 (c) shows that the upper layer thickness at the coast, H, is larger on the upstream side of the shock than on the downstream side. This property can be shown to be common to all the coastal shocks. As shown in Appendix C, the following inequality holds for the coastal shocks:
This inequality states that λ + is a monotone increasing function of H. As a result, since λ +u > λ +d from the evolutionary condition (43), we obtain
We have verified in Section 2 that the coastal simple waves with H decreasing with x steepen downstream. The above property of the coastal shocks is consistent with this fact. 6. Impossibility of a Shock Moving into a "Dry" Region As mentioned in Section 4, we now verify that a shock which has no upper layer fluid on its downstream side cannot exist. If there were such a shock, it follows from Eqs. (30) and (31) The flow force, F s , can be written in the form 
( ) which contradicts Eq. (64), i.e., momentum can never be conserved. We conclude, therefore, that a shock moving into a dry region cannot exist so long as they conserve mass and momentum. This conclusion is consistent with the result of Nof (1987) . Note that, in the above derivation, we have assumed nothing about the potential vorticity distribution of the current. Thus, the above conclusion holds irrespective of the potential vorticity distribution of the current. A shock of the type considered in this section can, of course, be set up as an initial condition. However, the above conclusion implies that the shock evolves into some features other than discontinuity at subsequent instants. In the case of zero potential vorticity, we can describe the evolution of the shock using the long wave theory presented in Section 2. For simplicity, we assume the current on the upstream side of the shock to be uniform. Then, since the Riemann invariant R + (see Appendix B) becomes constant everywhere in the current, the evolution of the shock can be described as a frontal simple wave as in classical dam-break problem (see Whitham, 1974) . Now remember the fact that the propagation velocity of the frontal simple wave decreases with increasing L for L < U/k 0 and increases with increasing L for U/k 0 < L < 2U (see Eq. (21)). Accordingly, when the initial upstream current satisfies L < U/k 0 , the shock evolves into a centered frontal simple wave, which indicates that the leading edge of the current evolves into the form of an ever-thinning "wedge". When the initial upstream current is nearly separated from the coast, i.e., when U/k 0 < L < 2U for the initial upstream current, the situation is slightly complicated. However, it is not so difficult to show that the temporal evolution is almost the same except that a shock of the type depicted in Fig. 6 appears at the upstream end of the ever-thinning wedge. The inviscid long wave theory, therefore, always predicts the initial shock of the type considered in this section to evolve into the form of an ever-thinning wedge. In the case of uniform but non-zero potential vorticity, we can deduce the same result from the long wave theory developed by Stern et al. (1982) and Kubokawa and Hanawa (1984a) .
It is obvious that
Summary and Discussion
Shocks in a semigeostrophic coastal boundary current with zero potential vorticity flowing over an infinitely deep dense fluid have been investigated. We have shown that the shocks can be classified into two categories, "coastal shocks" and "frontal shocks", by the signs of the upper layer flux relative to the shocks. Coastal shocks are defined as shocks with negative relative upper layer flux. They always propagate downstream, and cannot be stationary nor propagate upstream. The upper layer at the coast is thicker on the upstream sides of coastal shocks than on the downstream sides, i.e., coastal shocks take the form of downstream breaking with regard to the upper layer thickness at the coast. All the shocks obtained by Nof (1984) belong to this category. Frontal shocks are defined as shocks with positive relative upper layer flux. This is an entirely new class of shocks. Frontal shocks propagate upstream as well as downstream, and can be stationary. In most cases, the current is wider on the downstream sides of frontal shocks than on the upstream sides, i.e., frontal shocks take the form of upstream breaking with regard to the current width. However, under the circumstances that the current is nearly separated from the coast, they take the form of downstream breaking. For both classes of shocks, energy of the current is dissipated in the shocks. Røed (1980) considered the hydraulic control of a coastal boundary current due to variations in the coastline curvature. He showed that the current is controlled at a bay. For the non-rotating (Long, 1954) or rotating (Pratt, 1983) open channel flow, it was shown that a shock propagating upstream plays an important role in the adjustment process leading to a controlled state. Thus, it is expected that the frontal shocks obtained in this study also become important in the adjustment process leading to the controlled state obtained by Røed (1980) .
We have also shown that a special shock which has no upper layer fluid on the downstream side cannot exist irrespective of the potential vorticity distribution of the current. This result contradicts the theory of Kubokawa and Hanawa (1984b) , who obtained such special shock solutions for a current with uniform but non-zero potential vorticity. This discrepancy comes from the fact that the shock conditions used by Kubokawa and Hanawa (1984b) differ from ours that describe the conservation of mass and momentum. Their shock conditions correspond to the invariance of the Bernoulli function on the stream lines located at the coast and at the offshore front (see Appendix B of Kubokawa and Hanawa (1984b) ). As a result, while mass is conserved by their special shock solutions, momentum can never be conserved. This fact implies that some unknown external force that balance the flow force is implicit in their solutions. Moreover, the inviscid long wave theory reveals that their special shock solutions cannot be steady but evolve into the form of an ever-thinning wedge. It is not appropriate, therefore, to consider the special shock solutions of Kubokawa and Hanawa (1984b) to be the shocks in the inviscid long wave theory. Their model, while the validity of hypothesized invariance of the Bernoulli function is still questionable, should rather be regarded as an extension of Benjamin's (1968, Section 6 ) model on non-rotating gravity currents.
The impossibility of the special shock has an important implication on the intrusion of a gravity current along a coast in a rotating fluid. While the leading edge of the gravity current takes a bore-like structure (e.g., Stern et al., 1982; Kubokawa and Hanawa, 1984b) , it is a contradictory feature to the inviscid long wave theory considered in this study. Consequently, some effects ignored in the theory, such as Reynolds stress across the interface, leakage of mass due to eddy sheddings, or dynamical effect of the lower layer, are essential to such bore-like gravity currents. In practice, the observed rotating gravity currents are always turbulent, and momentum is vigorously transferred to the lower layer (Griffiths and Hopfinger, 1983) . members of the National Defense Academy for their fruitful discussions. The computations were performed on the Image Processing Facilities at the National Defense Academy.
Appendix A. Verification of Eq. (18)
From Eqs. (17) and (19) we obtain
Substituting the expression U = kL/2 (k > 1), we obtain
Since 3k -2 > (k -1) 1/2 , we see that (3k -2)(k -1) 1/2 > k -1. Thus, 
We note that m 1± and m 2± are identical to α ± and U -α ± defined by Stern (1980;  see his section 5). For m j defined above, there exists in general some integrating factor µ ± (U, L) and the "Riemann invariant" R ± (U, L) such that ( ) which states that R + (R -) remains unchanged following the motion of a coastal wave (frontal wave). Unfortunately, we could not obtain the explicit forms of µ ± and R ± . However, the explicit forms of these quantities are not needed in the subsequent analysis. Now, consider a coastal wave. One of the Riemann invariants R + preserves its original value for each small part of the wave. If, in addition, the other Riemann invariant R -happens to be constant everywhere in the wave, we refer to such a special coastal wave as a "coastal simple wave", after gas dynamics terminology (e.g., see Whitham, 1974) . The "frontal simple wave" can be defined in the same way, i.e., we refer to a frontal wave with R + constant everywhere as a "frontal simple wave".
It can be shown that these "simple waves" are identical to the "special solutions" defined by Stern (1980) . For example, since R + (U, L) = constant for a frontal simple wave, a functional relationship between U and L exists for the frontal simple wave: where the Jacobian of Q s and λ + can be written as
( ) It follows from Eq. (47) that C > 0 and
Consequently, we see from Eq. (C.2) that ∂(Q s , λ + )/∂(U, L) > 0. Since ∂Q s /∂L < 0 for the coastal shocks, Eq. (C.1) yields 
